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Abstract In this paper, some discretization methods are considered for solving a
linear matrix ordinary differential equation. Discussion is focused on a family of one
step methods which include Euler, backward Euler, and Crank—Nicolson schemes as
special cases, as well as the Runge—Kutta methods. As an illustration, detailed conver-
gence and error analysis are given for the family of one step methods. Some numerical
examples are provided to show the good performance of the methods.
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1 Introduction

Many of the general laws of nature in chemistry, other physical sciences and engi-
neering are expressed by differential equations (cf. e.g., [3,8,11,12]). In two recent
papers [1,2], Altinbasak and Demiralp discuss solutions to the following initial value
problem of a linear matrix ordinary differential equation

X'(1) = A1) X(1), ey
X(0) =1 (2)
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Here X(7) and A(¢) are m x m matrix-valued functions of a real variable 7, A(?) is
given, X(¢) is the unknown, and I := I, is the m x m identity (unit) matrix. In [1,2],
the given matrix function A(¢) is assumed to be a polynomial of 7. A series expansion
solution and corresponding truncation approximation around the initial time r = 0 are
the topic of [2]. As a sequel to [2], a perturbation technique is used in [1] that allows
the construction of a perturbation expansion solution around values of the independent
variable ¢ other than + = (. The purpose of this paper is to study some numerical
methods through discretization to solve the initial value problem (1)—(2). As will be
evident, numerical methods provide an efficient, general way of solving the initial
value problem.

Unlike [1,2], we do not assume the matrix function A(#) to be a polynomial of ¢.
The numerical methods can be applied to solve the problem (1)—(2) with a general
continuous coefficient matrix A(¢). Throughout the paper, we assume A(7) is a con-
tinuous function of the variable ¢. Of course, to have optimal convergence order for
the numerical solutions and to prove rigorously such optimal convergence order, we
need smoothness assumptions on the coefficient matrix A(#) which in turn implies
smoothness of the exact solution (cf. Proposition 1 below for this implication). We
will consider a family of one step methods as well as the Runge—Kutta methods for
the initial value problem. As an illustration, we will provide a rigorous convergence
and error analysis for the one step methods. We will also give examples of numerical
results and discuss the performance of some representative methods. For definiteness,
we solve the differential equation on an interval [0, T'] where T < oo is arbitrary but
fixed. Therefore, the problem we discuss is

X' () =A@ X)), tel0,T], 3)
X(0) = I )

By the standard theory on ordinary differential equations (e.g., [13] or any advanced
text on ordinary differential equations), if A(¢) is a continuous function of ¢, then the
problem (3)—(4) admits a unique solution X(#), which is continuously differentiable.

As is typical in doing error analysis of a numerical method for solving a differential
equation (e.g., [4-7,10]), we need certain smoothness condition on the exact solution
of the problem (3)—(4). Differentiating the equation (3) with respect to ¢t and using the
equation (3), we have

X'(0) = A0 X0 +AOX 1) = [A'©0) + A0 X0),
XD() = [A"(0) + A O AN +AO A O]XO) + [0 + A0 | X 0)

= [A”(t) FADA () +2A (AW + A(t)3] X(1).

Higher order derivatives of the solution X(#) can be treated inductively. Thus, the
following result holds.
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Proposition 1 For the problem (3)-(4), if A € C'([0, T])"*™, then the solution
X € C%([0, T])™™ and for some constant ¢ depending on 1Al 1o, 77ymxms

XNl 20, rpymxm =< €3 %)

moreover, if A € C2([O, TH™ ™, then X € C3([O, TNH™ ™ and for some constant ¢
depending on ||A|l 2o, 77ym>m

”X”C3([0,T])’”X’” <c. (6)

In general, for a non-negative integer k, if A € CK(0, T)™*™, then X €
C*L([0, T1)™ ™ and for some constant ¢ depending on Al o, 71ym<ms

||X||Ck+l([0’T])m><m <c.

In Proposition 1 and later in the paper, for a k-times continuously differentia-
ble matrix-valued function B(z), 7 € [0, T], the norm |B|| ¢k (o, 77ynxm 1s defined as
follows:

B wxm i= max max ||BY(z ,
IBllcx o, 77) omax  max B> ()l

where || - || is any operator matrix norm [4] such as the 1-norm, 2-norm, or maxi-
mum norm, or the Frobenius norm. Since any two norms are equivalent over a finite
dimensional space (e.g., the space of all m x m matrices), any matrix norm can be
used.

The rest of the paper is organized as follows. In Sect. 2, some numerical methods
are introduced for solving the problem (3)—(4), including a family of one step methods
and the Runge—Kutta methods. The family of one step methods include such methods
as Euler, backward Euler, and Crank—Nicolson schemes as special cases. In Sect. 3,
rigorous error bounds for the one step methods are derived. In Sect. 4, numerical
results from some examples are presented and discussion is given on performance of
some representative methods. The final section, Sect. 5, contains several remarks.

2 Some numerical methods
For the matrix ordinary differential equation, it is possible to extend the discretization
methods for solving scalar ordinary differential equations covered in textbooks and
monographs on the topic, e.g. [6,7,10].

For a positive integer N, let h = T /N be the step-size and denote the node points

t,=nh, 0<n<N.

We will use the short-hand notation A,, := A(t,), X,, := X(#,) forn =0,1,..., N,
and use Y, to denote a numerical approximation of X,,.
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First, we consider a family of one step methods. For a parameter 6, in the range
0 € [0, 1], we introduce the following one step numerical method for the problem

(3)-):

Y1 =Yy +h [9 A1 Yy +(1-0) AnYn]v 0<n<N-1, @)
Yo =1 (8)

When 6 = 0, the scheme (7) reduces to
Y1 =A+1A)Y,, 0<n=<N-1, )

and we recover the Euler method. The Euler method is an explicit method, in the sense
that once an approximate solution Y, at ¢, is known, we can compute the approximate
solution Y, at the next node point #,4 by the formula (9) through addition and
multiplication.

For 6 # 0, we deduce from (7) that

A=0hApi) Yup =[0I+ —-0)hA]Y,. (10)

Thus, to compute Y, from Y,, one needs to solve a linear system with the coeffi-
cient matrix (I — 6 h A,,4+1). The method is thus an implicit method. Note that if the
step-size & is small enough, e.g., if
|9| h “A”C([O,T])V”XV” < 1,

then the linear system (10) is uniquely solvable for Y, . Actually, the linear system
(10) is uniquely solvable as long as det (I — 6 1 A, 1) # 0, or in other words, as long
as h~! is not an eigenvalue of the matrix # A, . For a general coefficient matrix
A(t) arising in applications, it is unlikely for 2~! to happen to be an eigenvalue of the

matrix 8 A, 4. In the particular case where 6 = 1, we get a formula for the backward
Euler method

(I_hAn+l)Yn+l =Yna (11)

whereas if 6 = 1/2, a formula for the Crank—Nicolson scheme is obtained,

h h
(I— EAn-&-l) Yo = (I+ EAn) Y. (12)

Next, we consider using the Runge—Kutta methods (cf. e.g., [6,7, 10]). For the initial
value problem of a first order scalar differential equation

Y= ft ),
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with a numerical solution y, at ¢, known, an s-stage Runge—Kutta method to compute
the numerical solution y, 41 at #,41 has the following general form:

s
Zn,i = Yn +hzai,jf(tn +th» Zn,j)y i=1,...,s,
j=1

N
Yntt = Yn+h D bjfta+cjh. zn ).

j=1

Here, the coefficients a; j, b; and cj, 1 < i, j < s, are selected so that the method has
a prescribed convergence order and satisfies certain stability property. The method is
usually represented by the Butcher tableau

c

ap ayn e ans—1 dig
claz;1 a1 -+ a2s—1 Azs

€31d3,1 A3,2 -+ - A3,5—1 43,5

Cglds] Qg2+ Qg s—1 g5

bl b2 bxfl bs

Applied to the problem (3)—(4), the Runge—Kutta method starts with
Yo=1

Forn = 0,1, ..., with Y,, known, we first determine s matrices of order m x m,
{Z.i }1<i<s, from the system

N
Zni=Yn+hD aijAlty+cih)Zyj. i=1,.. 5.
j=1

and then compute the approximate solution Y41 at #,41 by the formula

s
Yo=Yy +h D bjAlty+cjh)Zn,;.
j=1
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In Sect. 4, we will report numerical results based on a popular 4 stage 4th order
Runge—Kutta method with the Butcher-tableau

0

111
302

1 1
210 3
1001
1 111
53356

For this method, to compute Y, 1| from Y,, we do the following, with A, 1,2 =
A(t, +h/2),

1
Bn,l :AnYns Zn,l :Yn"l‘thn,l’ (13)
1
B> =Awv12Zn1s Zno =Yy + 7 h By 2, (14)
Bn,3 = An+l/2Zn,2a Zn,3 = Yn + th,37 (15)
h
Yor1 =Y, + 3 (Bu1 +2By2+ 2B, 3+ Apr1Zy 3). (16)

3 Convergence and error bounds

As an example for a mathematical analysis of a numerical method for solving the lin-
ear matrix ordinary differential equation problem (3)—(4), in this section, we provide
a rigorous convergence and error analysis for the method (7)—(8). For this purpose,
introduce the truncation error
Xn+1 — X
umy=4¢%—i—WAHmHy+a—mAmd,ofnsN—L
a7

We distinguish two cases, according to whether & = 1/2. Recall that || - || is any
operator matrix norm or the Frobenius norm.

We will need the following result (cf. [4, Theorem 7.11] or [5, Theorem 2.3.1] in a
general abstract setting).

Lemma 2 If|B|| < 1, then (I — B)~! exists and

1
IX—-B)~ ' < :
1— B

First consider the case of a general value 6 € [0,1]. We assume A €
C'([0, T])™ ™. Then according to Proposition 1, the solution X & C%([0, T]™m>*m
and we have the bound (5). By the Taylor expansion, we have

X <cih|X mxm < Coh 18
L 1T XN < c1h Xl c2(0, 7pymxm < €2 (18)

@ Springer



1032 J Math Chem (2011) 49:1026-1041

for some constant ¢; depending on [|Al|¢1jo, 77y . From the definition (17), we have

Xp1 =X + 1[0 Aps1Xps1 + (1 =) AX,] +h7,(X), 0<n<N-1.

(19)
Denote the approximation errors
E,=X,-Y,, 0<n<N. (20)
Then,
Ey=0 (21)

is the zero matrix of order m x m. Subtract (7) from (19) to obtain

Epi1 =Ey + 1[0 A1 Epi1 + (1 =) AE ] +h7,(X), 0<n<N-—1,
i.e.,

I-0hA DE, 11 =0+0-0)hAE, +h1,X), 0<n<N-1. (22)
Denote

ap .= ||A||C([0,T])”’><”’~
Then by Lemma 2, if 6 h < 1/ag (this condition is valid for any step-size & for the

Euler method which corresponds to the choice & = 0), (I — 6 h A, 1) is invertible
and

1
1= 0n A < —
H( n+1) = 1—0aoh

We obtain from (22) that
Eii=0—0hAu) "I+ A —=0)hAE, +h(A—0hAu1) " 7,(X).

Apply the matrix norm to the above equality,

1Bt < | =60 Auen)™ | 1T+ (1= 6) 1 ALl IE

+h =00 &)™ 17,0

_ 2
- 1+ (1 —6)aph coh

E 23
< g VBl (23)

0 aph’
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where we have used the bound (18). Apply (23) recursively to obtain

-1 :
1+ (1 —6)aph]" oh? ST1+Ad—=0)agh |
E,|<|—————| ||E . 24
I n||_[ o } I 0||+1—9dohjzz(:) o (24)
By (21), |Eo|| = 0. Also recall the formula
n—1 ‘ U
rl = , r#1L
. r—1
j=0
We deduce from (24) that
coh 1+ —=0)agh]"
Eil < — | ——F— | — 1} (25)
ag 1—06aph

Now recall the inequalities

14+t <eé" foranyreal t,

1
11— <142t foranyt? € [0, 1/2].
Then from (25), we have, for 6 aph < 1/2,

IE, || < % [6(]+0)a°nh — 1] < % [e(1+9)a0T . 1] .
a aog

So for a constant ¢3 depending on [|A||¢1 (o, 77ynxm, & and T, we have the error bound

max ||E,|| < c3h. (26)
0<n<N

Thus, the method is first order convergent.

Now consider the scheme with & = 1/2. We assume A € C2([0, T])”*™. Then by
Proposition 1, the solution X € C 3([0, T1)™ ™ and we have the bound (6). By Taylor
expansion, the truncation error

X - X 1
7,(X) ;= % - z A1 X1 +AX,), 0<n=<N-1

is bounded as follows:

max 7,(X <c h2 X|| mxm < C h2 27
Ofan—IH n( )” =4 ” ”C?([O’T]) =< C5 ( )
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for some constant ¢s depending on [[Al|c2(jg, 77ymxm . We still have (22) with 6 = 1/2:

h h
(I—EAnH)EnH - (I+§An)En+hrn(X), 0<n<N-—L.

Assume h < 1/ag. Similar to (23), we have

2 + aph 2¢sh’
E < E .
B il = 5o Bl 4+ 5=
The analogue of (25) is
csh? [ (2 +aoh\"
IE. |l < — — 1,
ap 2 —aph
and then

csh?
I, | < S (e307/2 - 1),
ap
So for a constant ¢ depending on [|A[¢2o, 77ymxm and T', we have the error bound
max ||E,|| < ceh?. (28)
0<n<N
Thus, the method is second order convergent.

‘We summarize the results in the form of a theorem.

Theorem 3 For h small enough, the family of numerical methods (7)—(8) is well
defined. If A € C'([0, T])™*™, then the methods are first order accurate and the
error bound (26) holds. For & = 1/2, assume further that A € C>([0, T1)"*™. Then
the method is second order accurate and the error bound (28) holds.

4 Numerical examples

In this section, we present numerical results on the two examples given in [1,2]. The
results we report are based on the second order Crank—Nicolson scheme (8) and (12),
and on the fourth order Runge—Kutta method (8) and (13)—(16). As in [1,2], we com-
pare the Frobenius norms of the exact solution and the numerical solutions. We also
show numerical results on the relative error || X,, — Y, ||/||X, || in the Frobenius norm.
We use MATLAB for the computation in these examples.

Example 4 1In the first example, the coefficient matrix is
D12 141 - %
A = 220 25 59 723 :
3i+3 it g
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Table 1 Relative errors of Crank—Nicolson solutions for Example 4

h t=1 Ratio t=5 Ratio t=10 Ratio
1/10 1.882 x 1073 4.614 x 1072 5.408 x 107!

1120 4.697 x 1074 4.01 1.126 x 102 4.10 1.113 x 10~! 4.86

1/40 1.174 x 1074 4.00 2.797 x 1073 4.02 2.657 x 1072 4.19

1/80 2.933 x 1072 4.00 6.982 x 1074 401 6.568 x 1073 4.05

1/160 7.333 x 1070 4.00 1.745 x 1074 4.00 1.637 x 1073 401

The solution of the initial value problem (1)—(2) is given by the formula

iy (1511 ® = 140m 2100 =210
©= 10x2(t) — 10x1(6) 15x2(t) — 14x1(0) )

where

—12/12—1/3 12 /4412

xi(t) =e x2(t) =e

Numerical results from the Crank—Nicolson scheme are reported in Figs. 1 and
2. In Fig. 1, we show the values of the Frobenius norm of the exact solution and of
the numerical solutions corresponding to stepsizes & = 1/10, 1/20, and 1/40. Since
the exact solution grows exponentially as ¢ increases, even for a moderate size of ¢,
values of the Frobenius norm for either the exact solution or the numerical solutions
are of very large size. So Fig. 1 only shows the results on the time interval [0,3]; if the
results are shown on a larger time interval, due to the exponentially fast growth of the
exact solution, all the curves for most part of the time interval will be visually nearly
horizontal, coinciding with the x-axis of the figure (see Fig. 3 for such a phenomenon).
To have some idea on the fast growth of the solution, we note that

IX(D)| =4.524 x 10", [IX(3)|| = 1.313 x 10°,
IX(5)| = 1.957 x 10°, IX(10)] = 3.315 x 10",

Figure 2 shows the relative errors of the numerical solutions. Table 1 provides relative
numerical solution errors at three representative times + = 1, 5, and 10. For a given
meshsize &, the corresponding component in the column “ratio” provides the ratio
of the numerical solution error for 24 with that for 4. Second order convergence is
evident from the table: When / is small and is halved, the error is reduced by a factor
approximately 4.

We then apply the Runge—Kutta method (8) and (13)—(16). The method is of 4th
order and provides substantially more accurate numerical solutions than the Crank—
Nicolson scheme. Some numerical values are reported in Table 2. Fourth order con-
vergence is evident from Table 2: When /4 is small and is halved, the error is reduced
by a factor approximately 16.
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Fig. 1 Crank—Nicolson scheme for Example 4: comparison of the Frobenius norms of the exact solution
and numerical solutions for several step-sizes
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Fig.2 Crank—Nicolson scheme for Example 4: relative errors of numerical solutions in the Frobenius norm

Table 2 Relative errors of Runge—Kutta solutions for Example 4

h t=1 Ratio t=5 Ratio t =10 Ratio
1/10 3.939 x 1077 1.639 x 1074 5.200 x 1073

1/20 2.490 x 1078 15.8 1.139 x 1075 14.4 3.952 x 1074 13.2
1/40 1.564 x 1072 15.9 7.502 x 107 15.2 2.723 x 1073 145
1/80 9.798 x 1011 16.0 4.815 x 1078 15.6 1.787 x 10 15.2
1/160 6.126 x 10712 16.0 3.049 x 1072 15.8 1.145 x 1077 15.6

@ Springer



J Math Chem (2011) 49:1026-1041 1037

21

x 10

3
(]
g m— Exact
o Xi
Z 25 [ h=1/40 E
c = = = h=1/80
S == h=1/160
> L E
3 2
w
L :
T 15 ]
£ :
X
o
g 1
<
S}
S 05¢
IS
x
Ll

0 ‘ ‘ ‘ ‘ ‘

0 0.5 1 1.5 2 25

Time (t)

Fig. 3 Crank—Nicolson scheme for Example 5: comparison of the Frobenius norms of the exact solution
and numerical solutions for several step-sizes

We note that at each step, the main costs of the Runge—Kutta method are the two
matrix-valued function evaluations, A, 1,2 and A,y (A, is available from the pre-
vious step), and four matrix multiplications. In comparison, for the Crank—Nicolson
scheme, the main costs at each step are one matrix-valued function evaluation, A, 1,
one matrix multiplication for the right side of (12), and one linear system solving.
So at each step, the Runge—Kutta method is about twice as expensive as the Crank—
Nicolson scheme. Since the numerical solutions from the Runge—Kutta method are
substantially more accurate than that from the Crank—Nicolson scheme for a same
value of the step-size, the Runge—Kutta method is a better choice for this example.

Example 5 The second example is constructed in such a way that it is more difficult
to apply analytic approximation methods [1,2]. The increased degree of difficulty is
due to the even faster exponential growth of the exact solution. In this example, the
coefficient matrix is

A(r) = —202¢ — 117 =294t — 168
a 140+t 4 80 204t + 115 )

The solution of the initial value problem (1)—(2) is given by the formula

i — (13510 = 14x0) 21x1(0) =21 x()
D=1 10x01) = 1001 (1) 15x2(6) — 14x1(1) )’

where

312-5¢

2
x1(t) =e” , x2(t) = AL
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Table 3 Relative errors of Crank—Nicolson solutions for Example 5, part

h t=1 t=5 t =10

1/10 8.331 x 10! 1.000 1.000

1120 1.439 x 10~! 1.337 x 1024 1.000

1/40 3.327 x 1072 6.636 x 102 -

1/80 8.162 x 1073 3.350 3.268 x 10°
1/160 2.031 x 1073 4324 x 107! 1.470 x 102

Table 4 Relative errors of Crank—Nicolson solutions for Example 5, part 1T

h t=1 Ratio t=5 Ratio t=10 Ratio
1/160 2.031 x 1073 4324 x 1071 1.470 x 102

1/320 5.072 x 1074 4.01 9.346 x 1072 4.63 2.399 61.2

1/640 1.268 x 1074 4.00 2.256 x 1072 4.14 3.557 x 1071 6.74

1/1280 3.169 x 1073 4.00 5.590 x 1073 4.04 7.895 x 1072 451

1/2560 7.922 x 1070 4.00 1.395 x 103 4.01 1.917 x 1072 4.12

Table 5 Relative errors of Runge—Kutta solutions for Example 5, part I

h t=1 Ratio t=5 Ratio t=10 Ratio
1/10 1.425 x 1072 9.996 x 101 1.000

120 1.307 x 1073 10.9 7.989 x 1071 1.25 1.000 1.00
1/40 9.901 x 107> 13.2 1.831 x 1071 436 9.956 x 101 1.00
1/80 6.814 x 1070 145 1.815 x 1072 10.1 4.886 x 1071 2.04
1/160 4.470 x 1077 152 1.382 x 1073 13.1 5.824 x 1072 8.39

The solution in this example grows even more rapidly than the one in Example 4:

IX(D)] = 3.401 x 10*, [|X(3)| = 1.084 x 10?!,
IX(3)| = 2.726 x 103!, |X(10)] = 1.731 x 108,

Numerical results from the Crank—Nicolson scheme for the problem are reported
in Fig. 3 over the time interval [0, 3], and in Tables 3 and 4 for relative numerical
solution errors at¢ = 1, 5, and 10. The exact solution grows so fast that the numerical
solution from the Crank—Nicolson scheme has a reasonably good accuracy only at a
small time such as ¢+ = 1 when the stepsize & is relatively large (say, for & around
1/40). Note that with 2 = 1/40, the MATLAB program fails to provide a solution
value at ¢+ = 10. To have better numerical solutions, we need to decrease the value
of the step-size h. Table 4 shows the improvement in the solution accuracy when &
becomes smaller.
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Table 6 Relative errors of Runge—Kutta solutions for Example 5, part II

h t=1 Ratio t=>5 Ratio t=10 Ratio
1/160 4.470 x 10~/ 1.382 x 1073 5.824 x 1072

1/320 2.862 x 1078 15.6 9.510 x 1075 14.5 4.491 x 1073 13.0

1/640 1.810 x 1079 15.8 6.235 x 1070 153 3.084 x 1074 14.6

1/1280 1.139 x 10710 15.9 3.991 x 1077 15.6 2.019 x 107 15.3

1/2560 6.982 x 1012 16.3 2.525 x 1078 15.8 1.291 x 107© 15.6

More dramatic improvement on the numerical solution accuracy is achieved when
the Runge—Kutta method (8) and (13)—(16) is applied. The corresponding numerical
results are reported in Tables 5 and 6. When ¢ is larger, we also need to use a smaller
h to get numerical solutions with acceptable accuracy. Again, for this example, con-
sidering both the numerical solution accuracy and the costs, we see that the 4th order
Runge—Kutta method is prefered to the Crank—Nicolson scheme.

5 Concluding remarks

In this paper, we study the numerical solution through discretization methods for an
initial value problem of a linear matrix ordinary differential equation of the form (3).
A family of one step methods and the Runge—Kutta methods are considered. As an
illustration of the theoretical study of the methods, rigorous convergence and error
analysis is provided for the family of one step methods. The family of the meth-
ods include as special cases the Euler, the backward Euler, and the Crank—Nicolson
schemes. Under appropriate assumptions on the smoothness of the coefficient matrix
function, we prove that the Crank—Nicolson scheme has a convergence order 2 and for
the remaining methods in the family, the convergence order is 1. The Crank—Nicolson
scheme and a 4th order Runge—Kutta method are tested on two examples whose exact
solutions display fast exponential growth. For such problems with fast growing solu-
tions, a numerical method may not produce good numerical results when the step-size
is not small enough. With proper choice of the step-size, however, both numerical
methods show satisfactory performance on the two examples. The numerical results
also indicate that for problems with smooth exact solutions, higher order methods are
generally prefered.

As is noted in [2], choice of the simple initial value condition (2) is not a restriction.
Consider the problem

Z'(t) = B() Z(1),
2(0) = Zo,

where the initial value Z is non-singular. Let A(7) = Z; 1B(t) Zo and define X(¢) to
be the solution of (1)—(2). Then it is easy to verify the relation
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Z(t) = ZoX(1).

The methods and their convergence analysis in this paper can be extended to solving
the initial value problem of a general first order matrix ordinary differential equation

X'(t) = F(t,X(1)), tel0,T],
X(0) =1,

where F(-,-) satisfies a uniform Lipschitz condition with respect to its second
argument:

¥, Y) —F@, )| < collY —Z||

for any m x m matrices Y and Z, with the Lipschitz constant ¢ independent of 7. This
can be accomplished in a similar spirit as that for the case of solving a scalar ordinary
differential equation; however, rather delicate analysis will be required to accommo-
date the complications caused by the fact that the unknown function is matrix-valued.
One may even try to develop structure-preserving numerical algorithms [9] to solve
matrix ordinary differential equations as long as the equations arise in an applica-
tion area where preserving the structure is important. These topics are worth further
studying.
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